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Abstract
A Poincaré–Hopf theorem relating the branching and the point defects of a regularly defect
tangential line field to the Euler characteristic is well-known for even-dimensional manifolds. We
prove such a theorem in the normally branched case for odd-dimensional boundaries and apply it to
boundary problems associated with isolated singularities of complex hypersurfaces.
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1. Introduction
Let M be a compact differentiable manifold and ∆ a 2-codimensional compact
submanifold with ∂∆ ⊂ ∂M and ∆  ∂M . Using a tubular neighborhood, we regard the
normal bundle N of ∆ as a subset of M and define M ∆ :=M \ ˚DN . A real line bundle
L→M ∆ is called a branched line bundle over M if the restriction of L to the normal
sphere SNp is nontrivial for each p ∈∆. Then, a bundle homomorphism L→ T (M ∆)
which has only isolated nontrivial zeroes is called a regularly defect line field. Regularly
defect line fields play an important role in the topological theory of defects in nematic
liquid crystals (see, e.g., [3–5,7]).
Now, let L→M ∆ be a branched line bundle with ∆ = ∅ and let j :L|∂(M∆) →
TM|∂(M∆) be a bundle imbedding. If the manifold M is even-dimensional, we define
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θ˜ (M  ∆,L, j) ∈ Z to be the sum of indices of a bundle homomorphism v :L →
T (M  ∆) at its zeroes, where v extends j and has only isolated zeroes. In the odd-
dimensional case, the indices of the zeroes are well defined only modulo 2 and we define
θ(M  ∆,L, j) ∈ Z2 to be the sum of the mod 2 indices. The invariants θ˜ and θ were
introduced by Koschorke in [6]. If M is connected, the map j can be extended to a bundle
imbedding L→ T (M ∆) if and only if θ˜ (M ∆,L, j) (in the even-dimensional case),
respectively, θ(M ∆,L, j) (in the odd-dimensional case) vanishes. For details see [6].
We are interested in a special type of regularly defect line fields. We say that a bundle
imbedding j :L|SN → TM|SN is normally branched if it factors in the following way:
L|SN → π∗N ⊂ π∗(TM|∆)= TM|SN,
where π :SN →∆ denotes the projection. For p ∈∆ the degree of the map SNp → PNp
induced by j is called the Frank index of j at p. Of course, the Frank index is locally
constant.
If M is even-dimensional and closed, θ˜ (M ∆,L, j) can be computed for such nor-
mally branched imbeddings:
Theorem 1 (Jänich [3,4]). Let M be even-dimensional and closed and let j :L|SN →
TM|SN be a normally branched bundle imbedding with Frank indices k1, . . . , kr along the
components ∆1, . . . ,∆r of ∆. Then we have
θ˜ (M ∆,L, j)= χ(M)− 1
2
r∑
i=1
kiχ(∆i),
where χ denotes the Euler characteristic.
This theorem is proved in [3] for the case that all Frank indices are ±1. However,
the same proof works for arbitrary Frank indices. In [3,4] one can also find a Poincaré–
Hopf theorem for a more general class of regularly defect line fields on even-dimensional
manifolds.
If M is odd-dimensional the invariant θ(M ∆,L, j) is hard to compute in general.
However, we can treat this case if the data bound:
Theorem 2. Let M be an even-dimensional compact manifold with boundary,L→M∆
a branched line bundle and j :L|SN → TM|SN a normally branched bundle imbedding
with Frank indices k1, . . . , kr along the components ∆1, . . . ,∆r of ∆. Then we have
θ(∂M  ∂∆,L|∂M∂∆, j |∂(∂M∂∆))= χ(∆) mod 2.
If j can be extended to a bundle imbedding ˆ :L|∂(M∆) → TM|∂(M∆) that is tangential
to ∂M  ∂∆ (this is equivalent with θ = 0 if ∂M is connected and ∂∆ = ∅) we have
θ˜ (M ∆,L, ˆ )= χ(M)− 1
2
r∑
i=1
kiχ(∆i).
Here we have identified π∗N |∂(∂M∂∆) with T (∂M  ∂∆)|∂(∂M∂∆).
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Section 2 is concerned with the proof of this theorem. In Section 3 we show that a
function f :M → C which is transverse to 0 ∈ C yields a branched line bundle L →
M∆, where∆ := f−1(0), and—after choosing signs εi for the components—a normally
branched bundle imbedding jε :L|SN → TM|SN .
This allows us to associate a boundary problem to every isolated singularity of a
complex hypersurface. As an application of Theorem 2 we show in Section 4 that the
invariant θ of this boundary problem is equal to µ+ 1 mod 2, where µ denotes the Milnor
number of the singularity (see Proposition 3). If θ = 0 we additionally have an invariant θ˜ ,
that is computed in Proposition 3 as well.
2. Proof of Theorem 2
We choose a differentiable collar κ : ∂M × [0,1)→ M , such that the restriction to
∂∆×[0,1) is a collar for ∆ and use κ to define differentiable structures on M :=M∪∂M M
and ∆¯ := ∆ ∪∂∆ ∆. Then L→M ∆ yields a branched line bundle L¯→ M  ∆¯ and
j :L|SN → TM|SN defines a normally branched bundle imbedding ¯ : L¯|SN → T M|SN ,
where N → ∆¯ denotes the normal bundle of ∆¯ in M . Of course, the Frank index of ¯ along
∆¯i :=∆i ∪∂∆i ∆i is equal to ki .
We extend the restriction of j to L|∂(∂M∂∆) to a bundle homomorphism
j (1) :L|∂M∂∆ → T (∂M  ∂∆)
which is transverse to zero as a section in Hom(L|∂M∂∆,T (∂M  ∂∆))→ ∂M  ∂∆.
Let {p1, . . . , ps} ⊂ ∂M  ∂∆ be the set of zeroes of j (1). Since the index of j (1) at pi is
equal to 1 mod 2 we have
θ(∂M  ∂∆,L|∂M∂∆, j |∂(∂M∂∆))= s mod 2. (∗)
Choose disjoint compact balls Ki around pi in ∂M  ∂∆ and trivializations ϕi : L|Ki ∼=
Ki ×R. With respect to ϕi , j (1)|Ki is given by the vector field vi(x) := j (1)(ϕ−1i (x,1)) on
Ki , which has a nondegenerate zero at pi .
The collar κ induces an imbedding κ¯ : (∂M  ∂∆) × (−1,1)→ M  ∆¯. On Ui :=
κ¯(Ki × [− 12 , 12 ]) we define a vector field v¯i by the formula v¯i (κ¯(x, t)) := dκ¯(x,t)(vi(x), t).
We choose an extension J : L¯→ T (M  ∆¯) of j ∪ j (1), which
• is symmetric, i.e., identical over both copies of M ∆,
• is given by v¯i over Ui (with respect to a trivialization of L¯|Ui that is compatible with
ϕi ) and
• has only isolated zeroes.
Theorem 1 yields
θ˜
(
T
( M  ∆¯, L¯, ¯))= χ( M)− 1
2
r∑
i=1
kiχ
(
∆¯i
)= 2χ(M)−
r∑
i=1
kiχ(∆i). (∗∗)
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Since all zeroes of J which are outside of ∂M  ∂∆ appear with the same index in both
copies of M ∆, we have
θ˜
(
T
( M  ∆¯, L¯, j¯))≡ s mod 2.
Since all ki are odd, it follows with (∗∗) that χ(∆)≡ s mod 2 and then with (∗) that
θ(∂M  ∂∆,L|∂M∂∆, j |∂(∂M∂∆))= χ(∆) mod 2.
If we have a bundle imbedding ˆ :L|∂(M∆) → TM|∂(M∆) which is tangential to
∂M  ∂∆, we can choose j (1) := ˆ |∂M∂∆. Then
θ˜
(
T (M ∆),L, ˆ)= 1
2
θ˜
(
T
(M  ∆¯), L¯, ¯) =
(∗∗)
χ(M)− 1
2
r∑
i=1
kiχ(∆i).
This completes the proof. ✷
3. Boundary problems posed by complex valued functions
Let M be a compact even-dimensional manifold and f :M → C a smooth map, such
that f and f |∂M are transverse to 0 ∈ C. In the following, we will see that such a
function f naturally yields a boundary problem as treated in Theorem 2: ∆ := f−1(0) is a
2-codimensional submanifold, which transversally intersects ∂M . Let N →∆ denote the
normal bundle of ∆ in M . Then the map f defines a 1-dimensional subbundleL→M∆
of the trivial bundle (M ∆)× C: the fibre of L over x is simply {x} × R√f (x). The
differential of f induces a trivialization N ∼=∆×C and thus, we have an imbedding
+ :L|SN ↪→ SN ×C∼= π∗N ↪→ π∗(TM|∆)= TM|SN .
If we additionally use the bundle map SN×C∼= SN×C induced by complex conjugation,
we get a second imbedding − :L|SN ↪→ TM|SN . If we choose a tuple ε = (ε1, . . . , εr) of
signs for the components ∆1, . . . ,∆r of ∆ we get a normally branched imbedding jε with
Frank indices ε1, . . . , εr . Theorem 2 yields
θ(f |∂M) := θ(∂M  ∂∆,L|∂M∂∆, jε|∂(∂M∂∆))= χ(∆) mod 2
and if jε can be extended to a bundle imbedding ˆε :L|∂(M∆) → TM|∂(M∆) that is
tangential to ∂M  ∂∆:
θ˜ (f, ε) := θ˜ (M ∆,L, ˆε)= χ(M)− 12
r∑
i=1
εiχ(∆i).
4. Isolated singularities of complex hypersurfaces
Consider a polynomial P(z0, . . . , zn) on Cn+1 (n  1) with P(0) = 0 and an isolated
singularity at 0. We choose r > 0 sufficiently small. Then 0 ∈Cn+1 is the only singularity
of P in Dr := rD2n+2 and 0 ∈C is a regular value of P |Sr , where Sr := rS2n+1.
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The 2-codimensional submanifold K := P−1(0)∩ Sr contains all topological informa-
tion about the complex hypersurface V := P−1(0) near the singularity 0 because the cone
over (Sr ,K) is homeomorphic to (Dr,V ∩Dr). For a sufficiently small open disc U around
0 ∈ C every c ∈ U is a regular value of P |Sr and the map P−1(U) ∩ Sr → U , x → P(x)
is a trivial fibration. We fix c ∈ U \ 0 and consider the map f :Dr → C, x → P(x)− c.
Then, 0 is a regular value of f and f |Sr —i.e., we are in the situation of Section 3—and
the pair (Sr , f−1(0)∩ Sr) is diffeomorphic with (Sr ,K). For details we refer to [8].
Proposition 3. Let µ denote the Milnor number of P , i.e., the index of the isolated zero of
P at 0. For ε ∈ {±1} we have
θ(f |Sr )= (1+µ) mod 2,
i.e., the boundary problem posed by f |Sr is solvable without zeroes if and only if µ is odd.
In this case we have
θ˜ (f, ε)= 1− 1
2
ε
(
1+ (−1)nµ).
Proof. The defect set ∆ := f−1(0) ≈ K is homotopy equivalent to a bouquet of µ
n-spheres (cf. [8]). Therefore, χ(∆) = 1 + (−1)nµ and the assertion follows with
Theorem 2. ✷
We conclude with the special case P(z0, . . . , zn) = za00 + · · · + zann with ai  2. We
then use the notations K(a0, . . . , an), θ(a0, . . . , an) and θ˜ (a0, . . . , an; ε) instead of K ,
θ(f |Sr ) and θ˜ (f, ε). This case is particularly interesting: for example, the manifolds
K(2,2,2,3,6k− 1), k = 1, . . . ,28, represent the 28 different differentiable structures on
the 7-sphere and K(2,2,2,2,2,3,6k−1), k = 1, . . . ,992, the 992 differentiable structures
on the 11-sphere (see [2]).
Since the Milnor number of P(a0, . . . , an)= za00 + · · · + zann is equal to
∏n
i=0(ai − 1),
we get
θ(a0, . . . , an)= gcd(a0, . . . , an) mod 2
and in the case θ(a0, . . . , an)= 0:
θ˜ (a0, . . . , an; ε)= 1− 12ε
(
1−
n∏
i=0
(1− ai)
)
.
If K(a0, . . . , an) is a topological sphere, then gcd(a0, . . . , an) = 1 (cf. [1, Satz 1]) and
thus θ(a0, . . . , an)= 1 mod 2. However, there are interesting examples with θ = 0 as well:
for example, K(2,2, d) with d  2 is the lense space L(d) and K(2, . . . ,2) the Stiefel
manifold O(n+ 1)/O(n− 1) (see [2]).
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